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PXOWLIUDFWDOLW\ RI SURGXFWV RI JHRPHWULF
RUQVWHLQ0XKOHQEHFN W\SH SURFHVVHV
YR Y1 DQK/ QLNRODL Q1 OHRQHQNR/ DQG QDUQ0UXHLK VKLHK   
Devwudfw1 Zh lqyhvwljdwh wkh surshuwlhv ri pxowliudfwdo surgxfwv ri jhrphwulf
Ruqvwhlq0Xkohqehfn surfhvvhv gulyhq e| Oìy| prwlrq1 Wkh frqglwlrqv rq wkh phdq/ yduldqfh
dqg fryduldqfh ixqfwlrqv ri wkh uhvxowlqj fxpxodwlyh surfhvvhv duh lqwhusuhwhg lq whupv ri wkh
prphqw jhqhudwlqj ixqfwlrqv1 Zh frqvlghu yh fdvhv ri lqqlwho| glylvleoh glvwulexwlrqv iru
wkh edfnjurxqg gulylqj Oìy| surfhvvhv/ qdpho|/ wkh jdppd dqg yduldqfh jdppd glvwulexwlrqv/
wkh lqyhuvh Jdxvvldq dqg qrupdo lqyhuvh Jdxvvldq glvwulexwlrqv/ dqg wkh }0glvwulexwlrqv1 Zh
hvwdeolvk wkh fruuhvsrqglqj vfhqdulrv iru wkh olplwlqj surfhvvhv/ lqfoxglqj wkhlu Uìq|l ixqfwlrqv
dqg ghshqghqfh vwuxfwxuh1
41 Lqwurgxfwlrq
Pxowliudfwdo prghov kdyh ehhq xvhg lq pdq| dssolfdwlrqv lq k|gurg|qdplf wxuexohqfh/ 0
qdqfh/ jhqrplfv/ frpsxwhu qhwzrun wud!f/ hwf1 +vhh Nroprjrury 4<74/ 4<95/ Ndkdqh 4<;8/
4<;:/ Jxswd dqg Zd|pluh 4<<6/ Qrylnry 4<<7/ Iulvfk 4<<8/ Pdqghoeurw 4<<:/ Idofrqhu 4<<:,1
Kduwh +5334, dqg Ulhgl +5336, frqwdlq dq h{whqvlyh eleolrjudsk| ri wkh vxemhfw1 Wkhuh duh pdq|
zd|v wr frqvwuxfw udqgrp pxowliudfwdo phdvxuhv vxfk dv yld wkh elqrpldo fdvfdgh dqg eudqfk0
lqj surfhvvhv +vhh Ndkdqh 4<;8/ 4<;:/ Jxswd dqg Zd|pluh 4<<6/ Profkdq 4<<9/ Idofrqhu 4<<:/
Eduudo dqg Pdqghoeurw 5335/ Ulhgl 5336/ Pùuwhuv dqg Vklhk 5335/ 5337/ 533;/ Vklhk dqg Wd|oru
5335,1 Prvw ri wkhvh pxowliudfwdo prghov duh qrw ghvljqhg wr fryhu rwkhu lpsruwdqw ihdwxuhv vxfk
dv wudfwdeoh ghshqghqfh vwuxfwxuh ru d qdwxudo irup ri wkh vlqjxodulw| vshfwuxp +vhh Qrylnry
4<<7/ Ulhgl 5336/ iru h{dpsoh,1 Mddug +4<<<, vkrzhg wkdw Oìy| surfhvvhv +h{fhsw Eurzqldq
prwlrq dqg Srlvvrq surfhvv, duh pxowliudfwdo> exw vlqfh wkh lqfuhphqwv ri d Oìy| surfhvv duh
lqghshqghqw/ wklv fodvv h{foxghv wkh hhfwv ri wudfwdeoh ghshqghqfh vwuxfwxuhv1 Pruhryhu/ Oìy|
surfhvvhv kdyh d olqhdu vlqjxodulw| vshfwuxp zkloh uhdo gdwd riwhq h{klelw d vwulfwo| frqfdyh
vshfwuxp1
Wklv sdshu iroorzv d glhuhqw dssurdfk1 Zh frqvlghu pxowliudfwdo surgxfwv ri vwrfkdvwlf
surfhvvhv dv ghqhg lq Ndkdqh +4<;8/ 4<;:, dqg Pdqqhuvdor hw do1 +5335,/ exw zh surylgh
d qhz lqwhusuhwdwlrq ri wkh frqglwlrqv rq wkh phdq/ yduldqfh dqg fryduldqfh ixqfwlrqv ri wkh
uhvxowlqj fxpxodwlyh surfhvvhv lq whupv ri wkh prphqw jhqhudwlqj ixqfwlrqv1 Wklv dssurdfk
lv pruh xvhixo iru rxu ghyhorsphqw1 Zh vkrz wkdw wkh orjdulwkpv ri wkh fruuhvsrqglqj olplw0
lqj surfhvvhv kdyh dq lqqlwho| glylvleoh glvwulexwlrq vxfk dv wkh jdppd dqg yduldqfh jdppd
glvwulexwlrqv +uhvxowlqj lq wkh orj0jdppd dqg orj0yduldqfh jdppd vfhqdulrv uhvshfwlyho|,/ wkh
lqyhuvh Jdxvvldq dqg qrupdo lqyhuvh Jdxvvldq glvwulexwlrqv +|lhoglqj wkh orj0lqyhuvh Jdxvvldq
dqg orj0qrupdo lqyhuvh Jdxvvldq vfhqdulrv uhvshfwlyho|,1 Zh ghvfuleh wkh ehkdylrxu ri wkhlu t0wk
Gdwh = 49 Rfwrehu 533;1
4<<4 Pdwkhpdwlfv Vxemhfw Fodvvlfdwlrq1 93J8:/ 93J43/ 93J4:1
Nh| zrugv dqg skudvhv1 pxowliudfwdo surgxfwv/ orqj0udqjh ghshqghqfh/ jhrphwulf Ruqvwhlq0Xkohqehfn
surfhvvhv/ Oìy| surfhvvhv/ lqqlwho| glylvleoh glvwulexwlrq1
   Fruuhvsrqglqj dxwkru1
Sduwldoo| vxssruwhg e| wkh Dxvwudoldq Uhvhdufk Frxqflo judqw GS388<;3:/ wkh Qdwlrqdo Vflhqfh Irxqgdwlrq
judqw GPV0374:9:9/ wkh HSVUF judqw UFPW44</ dqg wkh Wdlzdq QVF judqw <95448P335338P\61 Ohrqhqnr*v
uhvhdufk zdv sduwldoo| vxssruwhg e| wkh Zhovk Lqvwlwxwh ri Pdwkhpdwlfv dqg Frpsxwdwlrqdo Vvflhqfhv1 Wkh
dxwkruv duh judwhixo wr wkh uhihuhh iru pdq| frqvwuxfwlyh frpphqwv dqg vxjjhvwlrqv wr lpsuryh wkh sdshu> lq
sduwlfxodu/ wkh dffxudf| ri wkh surriv ri Wkhruhp 5 dqg Sursrvlwlrq 41
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rughu prphqwv dqg Uìq|l ixqfwlrqv/ zklfk duh qrqolqhdu/ khqfh glvsod|lqj wkhlu pxowliudfwdo0
lw|1 D surshuw| rq wkh ghshqghqfh vwuxfwxuh ri wkh olplwlqj surfhvvhv/ ohdglqj wr wkhlu srvvleoh
orqj0udqjh ghshqghqfh/ lv dovr rewdlqhg1 Rxu h{srvlwlrq uholhv rq vrph uhvxowv ri Pdqqhuvdor hw
do1 +5335, rq wkh edvlf surshuwlhv ri pxowliudfwdo surgxfwv ri vwrfkdvwlf surfhvvhv1 Zh vkrxog
dovr qrwh vrph uhodwhg uhvxowv e| Eduqgru0Qlhovhq dqg Vfkplhjho +5337, zkr lqwurgxfhg vrph
Oìy|0edvhg vsdwlrwhpsruldo prghov iru sdudphwulf prghoolqj ri wxuexohqfh1 Orj0lqqlwho| glylv0
leoh vfhqdulrv uhodwhg wr lqghshqghqwo| vfdwwhuhg udqgrp phdvxuhv zhuh lqyhvwljdwhg lq Vfkplww
+5336,/ Vfkplww dqg Pduvdq +5334, dqg Edfu| dqg Px}| +5336,1
51 Pxowliudfwdo surgxfwv ri vwrfkdvwlf surfhvvhv
Wklv vhfwlrq uhfdswxuhv vrph edvlf uhvxowv rq pxowliudfwdo surgxfwv ri vwrfkdvwlf surfhvvhv
dv ghyhorshg lq Ndkdqh +4<;8/ 4<;:, dqg Pdqqhuvdor hw do1 +5335,1 Zh surylgh d qhz lqwhu0
suhwdwlrq ri wkhlu frqglwlrqv edvhg rq wkh prphqw jhqhudwlqj ixqfwlrqv/ zklfk lv xvhixo iru rxu
h{srvlwlrq1
Zh lqwurgxfh wkh iroorzlqj frqglwlrqv=
D ' 1 Ohw +w,> w 5 U ( @ ^3>4,> eh d phdvxudeoh/ vhsdudeoh/ vwulfwo| vwdwlrqdu|/ srvlwlyh
vwrfkdvwlf surfhvv zlwk H+w, @ 41
Zh fdoo wklv surfhvv wkh prwkhu surfhvv dqg frqvlghu wkh iroorzlqj vhwwlqj=
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Pruhryhu/ lq wkh h{dpsohv ri Vhfwlrq 7/ wkh vwdwlrqdu| prwkhu surfhvv vdwlvhv wkh iroorzlqj
frqglwlrqv=
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Zh dovr frqvlghu wkh fruuhvsrqglqj srvlwlyh udqgrp phdvxuhv ghqhg rq Eruho vhwv E ri U ( =
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Ndkdqh +4<;:, suryhg wkdw wkh vhtxhqfh ri udqgrp phdvxuhv 
3
frqyhujhv zhdno| doprvw vxuho|
wr d udqgrp phdvxuh 1 Pruhryhu/ jlyhq d qlwh ru frxqwdeoh idplo| ri Eruho vhwv EG rq U ( / lw
krogv wkdw olp 3IHKJ 
3
+EG , @ +EG , iru doo m zlwk suredelolw| rqh= Wkh doprvw vxuh frqyhujhqfh
ri D 3 +w, lq frxqwdeo| pdq| srlqwv ri U ( fdq eh h{whqghg wr doo srlqwv lq U ( li wkh olplw
surfhvv D +w, lv doprvw vxuho| frqwlqxrxv1 Lq wklv fdvh/ olp 3HKJ D 3 +w, @ D+w, zlwk suredelolw|
rqh iru doo w 5 U ( = Dv qrwhg lq Ndkdqh +4<;:,/ wkhuh duh wzr h{wuhph fdvhv= +l, D 3 +w, $ D+w,
lq O 1 iru hdfk jlyhq w/ lq zklfk fdvh D+w, lv qrw doprvw vxuho| }hur dqg dqg lv vdlg wr eh ixoo|
dfwlyh +qrq0ghjhqhudwh, rq U ( > +ll, D 3 +4, frqyhujhv wr 3 doprvw vxuho|/ lq zklfk fdvh D+w, lv
vdlg wr eh ghjhqhudwh rq U ( 1 Vx!flhqw frqglwlrqv iru qrq0ghjhqhudf| dqg ghjhqhudf| lq d
jhqhudo vlwxdwlrq dqg uhohydqw h{dpsohv duh surylghg lq Ndkdqh +4<;:, +Htv1 +4;, dqg +4<,
uhvshfwlyho|1, Wkh frqglwlrq iru frpsohwh ghjhqhudf| lv ghwdlohg lq Wkhruhp 6 ri Ndkdqh +4<;:,1
Wkh Uìq|l ixqfwlrq/ dovr nqrzq dv wkh ghwhuplqlvwlf sduwlwlrq ixqfwlrq/ lv ghqhg iru w 5 ^3> 4`
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Uhpdun 41 Wkh pxowliudfwdo irupdolvp iru udqgrp fdvfdghv fdq eh vwdwhg lq whupv ri wkh
Ohjhqguh wudqvirup ri wkh Uìq|l ixqfwlrq=
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Lq idfw/ ohw i +, eh wkh Kdxvgru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O wkdw frqwdlq w= Wkh ixqfwlrq i +, lv nqrzq dv wkh
vlqjxodulw| vshfwuxp ri wkh phdvxuh / dqg zh uhihu wr  dv d pxowliudfwdo phdvxuh li i +, 9@ 3
iru d frqwlqxxp ri  +Odx 4<<<,1 Lq rughu wr ghwhuplqh wkh ixqfwlrq i +,/ Khqwvfkho dqg
Surfdffld+4<;6,/ Iulvfk dqg Sdulvl +4<;8, dqg Kdovh| hw do1 +4<;9, iru h{dpsoh sursrvhg wr
xvh wkh uhodwlrqvkls
+518, i +, @ W Q +, =
Wklv uhodwlrqvkls pd| qrw krog iru d jlyhq phdvxuh +vhh/ iru h{dpsoh/ Wd|oru 4<<8,1 Zkhq wkh
htxdolw| +518, lv hvwdeolvkhg iru d phdvxuh / zh vd| wkdw wkh pxowliudfwdo irupdolvp krogv iru
wklv phdvxuh1
Pdqqhuvdor hw do1 +5335, suhvhqwhg wkh frqglwlrqv iru O
.
0frqyhujhqfh dqg vfdolqj ri prphqwv=
Wkhruhp 41 +Pdqqhuvdor/ Qruurv dqg Ulhgl 5335, Vxssrvh wkdw wkh frqglwlrqv D' 0D ' ' ' krog1
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Li/ iru vrph srvlwlyh qxpehuv  dqg >
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Li D 3 +w, frqyhujhv lq O 1 / wkhq wkh olplw surfhvv D+w, vdwlvhv wkh uhfxuvlrq
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zkhuh wkh surfhvvhv +w, dqg D +w, duh lqghshqghqw/ dqg wkh surfhvvhv D +w, dqg D +w, kdyh
lghqwlfdo qlwh0glphqvlrqdo glvwulexwlrqv1
Li D +w, lv qrq0ghjhqhudwh/ wkh uhfxuvlrq +51:, krogv/ D+4, 5 O
P
iru vrph t A 3/ dqgS
J
3
4	5 f+t> e N 3 , ? 4> zkhuh f+t> w, @ Hvxs X
RY
5Z
6[ m P +3, P +v,m > wkhq wkhuh h{lvw frqvwdqwv
F dqg F vxfk wkdw
+51;, Fw P%NA\ ]M^`_ba 2Ac ) 6 + 9 HD P +w, 9 Fw P%N\ ]d^_ba 2Ac ) 6 + >
zklfk zloo eh zulwwhq dv
HD P +w,  w P%NA\ ]M^`_ba 2Ac ) 6 + > w 5 ^3> 4`=
Li/ rq wkh rwkhu kdqg/ D+4, 5 O
P
> t A 4/ wkhq wkh Uìq|l ixqfwlrq lv jlyhq e|
+51<, W +t, @ t  4 orj , H P +w, @ t  4 orj , P+t,=
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Khqfh/ li U 65 +v,gv lv vwurqjo| ghshqghqw/ wkhq D +w, lv dovr vwurqjo| ghshqghqw1
Uhpdun 51 Wkh uhvxow +51;, phdqv wkdw wkh surfhvv D+w,> w 5 ^3> 4` zlwk vwdwlrqdu| lqfuhphqwv
ehkdyhv dv
+5144, orjH ^D+w. ,D+w,` P  N+t, orj  .F
P
iru d zlgh udqjh ri uhvroxwlrqv  zlwk d qrqolqhdu ixqfwlrq
N+t, @ t  orj , H P +w, @ t  orj , P+t,>
zkhuh F
P
lv d frqvwdqw1 Lq wklv vhqvh/ wkh vwrfkdvwlf surfhvv D +w, lv vdlg wr eh pxowliudfwdo1 Wkh
ixqfwlrq N+t,> zklfk frqwdlqv wkh vfdolqj sdudphwhu e dqg doo wkh sdudphwhuv ri wkh pdujlqdo
glvwulexwlrq ri wkh prwkhu surfhvv [ +w,/ fdq eh hvwlpdwhg e| uxqqlqj wkh uhjuhvvlrq +5144, iru d
udqjh ri ydoxhv ri t= Iru wkh h{dpsoh lq Vhfwlrq 7/ wkh h{solflw irup ri N+t, lv rewdlqhg1 Khqfh
wkhvh sdudphwhuv fdq eh hvwlpdwhg e| plqlpl}lqj wkh phdq vtxduh huuru ehwzhhq wkh N+t, fxuyh
hvwlpdwhg iurp gdwd dqg lwv dqdo|wlfdo irup iru d udqjh ri ydoxhv ri t1 Wklv phwkrg kdv ehhq
xvhg iru pxowliudfwdo fkdudfwhul}dwlrq ri frpsohwh jhqrphv lq Dqk hw do1 +5334,1
61 Lqilqlwho| glylvleoh glvwulexwlrqv dqg jhrphwulf RX surfhvvhv
Wklv vhfwlrq uhylhzv d qxpehu ri nqrzq uhvxowv rq Oìy| surfhvvhv +vhh Vnrurnkrg 4<<4/
Ehuwrlq 4<<9/ Vdwr 4<<</ N|suldqrx 5339, dqg Ruqvwhlq0Xkohqehfn w|sh surfhvvhv +vhh Eduqgru0
Qlhovhq 5334/ Eduqgru0Qlhovhq dqg Vkhskdug 5334,1 Dv vwdqgdug qrwdwlrq zh zloo zulwh
+}, @ F i}>[j @ orjHh{s il}[j > } 5 U
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iru wkh Oìy| h{srqhqw ru Odsodfh wudqvirup ru fxpxodqw jhqhudwlqj ixqfwlrq ri wkh udqgrp
yduldeoh [= Lwv grpdlq lqfoxghv wkh lpdjlqdu| d{lv dqg iuhtxhqwo| odujhu duhdv1
D udqgrp yduldeoh [ lv lqqlwho| glylvleoh li lwv fxpxodqw ixqfwlrq kdv wkh Oìy|0Nklqwfklqh
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Wkh wulsohw +d> g> , xqltxho| ghwhuplqhv wkh udqgrp yduldeoh[= Iru d Jdxvvldq udqgrp yduldeoh
[ q Q +d> g, > wkh Oìy| wulsohw wdnhv wkh irup +d> g> 3, =
D udqgrp yduldeoh [ lv vhoi0ghfrpsrvdeoh li/ iru doo f 5 +3> 4, > wkh fkdudfwhulvwlf ixqfwlrq
i +}, ri [ fdq eh idfwrul}hg dv i +}, @ i +f}, i h +}, iru vrph fkdudfwhulvwlf ixqfwlrq i h +}, >
} 5 U= Uhfdoo wkdw d fãgoãj vwrfkdvwlf surfhvv kdv uljkw0frqwlqxrxv vdpsoh sdwkv zlwk h{lvwlqj
ohiw olplwv1 D krprjhqhrxv Oìy| surfhvv ] @ i] +w, > w  3j lv d frqwlqxrxv +lq suredelolw|,/
fãgoãj surfhvv zlwk lqghshqghqw dqg vwdwlrqdu| lqfuhphqwv dqg ] +3, @ 3= Iru vxfk surfhvvhv
zh kdyh F i}>] +w,j @ wF i}>] +4,j dqg ] +4, kdv wkh Oìy|0Nklqwfklqh uhsuhvhqwdwlrq +614,1
Ohw i +}, eh wkh fkdudfwhulvwlf ixqfwlrq ri d udqgrp yduldeoh [= Li [ lv vhoi0ghfrpsrvdeoh/
wkhq wkhuh h{lvwv d vwdwlrqdu| vwrfkdvwlf surfhvv i[ +w, > w  3j> vxfk wkdw [ +w, -@ [ dqg
+616, [ +w, @ h Ni 6 [ +3, .
]
)"5jZ
6&[
h Ni ) 6 N X + g] +v,
iru doo  A 3 +vhh Eduqgru0Qlhovhq 4<<;,1 Frqyhuvho|/ li i[ +w, > w  3j lv d vwdwlrqdu| surfhvv
dqg i] +w, > w  3j lv d Oìy| surfhvv/ lqghshqghqw ri [ +3, > vxfk wkdw [ +w, dqg ] +w, vdwlvi| wkh
Lw÷ vwrfkdvwlf glhuhqwldo htxdwlrq
+617, g[ +w, @ [ +w,gw. g] +w,
iru doo  A 3> wkhq [ +w, lv vhoi0ghfrpsrvdeoh1 D vwdwlrqdu| surfhvv [ +w, ri wklv nlqg lv vdlg
wr eh dq Ruqvwhlq0Xkohqehfn w|sh surfhvv ru dq RX0w|sh surfhvv/ iru vkruw1 Wkh surfhvv ] +w,
lv whuphg wkh edfnjurxqg gulylqj Oìy| surfhvv +EGOS, fruuhvsrqglqj wr wkh surfhvv [ +w, =
Lq idfw +616, lv wkh xqltxh +xs wr lqglvwlqjxlvkdelolw|, vwurqj vroxwlrq wr Ht1 +617, +Vdwr 4<<</
Vhfwlrq 4:,1 Wkh phdqlqj ri wkh vwrfkdvwlf lqwhjudo lq +616, zdv ghwdlohg lq Dssohedxp +5337/
s1 547,1
D qhfhvvdu| dqg vx!flhqw frqglwlrq iru +617, wr kdyh d vwdwlrqdu| vroxwlrq lv wkdw
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Wkh vwdwlrqdu| surfhvv i[ +w, > w  3j fdq eh h{whqghg wr d vwdwlrqdu| surfhvv rq wkh zkroh uhdo
olqh1 Wr gr wklv/ zh lqwurgxfh dq lqghshqghqw frs| ri wkh surfhvv i] +w, > w  3j exw prgli| lw wr
eh fãgoãj/ wkxv rewdlqlqj d surfhvv 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Wkhq/ i] +w, > w 5 Uj lv d krprjhqhrxv fãgoãj Oìy| surfhvv> dqg i[ +w, > w 5 Uj lv d vwulfwo|
vwdwlrqdu| surfhvv ri RX0w|sh1
Ohw [ +w, eh d vtxduh lqwhjudeoh RX surfhvv1 Wkhq [ +w, kdv wkh fruuhodwlrq ixqfwlrq
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Wkh iroorzlqj uhvxow sod|v d nh| uroh lq pxwliudfwdo dqdo|vlv ri jhrphwulf RX surfhvvhv1
Wkhruhp 51 Ohw [+w,> w 5 U ( eh dq RX0w|sh vwdwlrqdu| surfhvv +616, vxfk wkdw wkh Oìy|
phdvxuh  lq +614, ri wkh udqgrp yduldeoh [+w, vdwlvhv wkh frqglwlrq wkdw iru vrph t 5 T  U>
+6143,
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zkhuh j+{, ghqrwhv dq| ri wkh ixqfwlrqv h .uP q > h P q > h P q m{m= Wkhq/ iru wkh jhrphwulf RX0w|sh surfhvv
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Wr suryh wkdw rxu jhrphwulf RX0w|sh surfhvv vdwlvhv wkh fryduldqfh ghfd| frqglwlrq +519,
lq Wkhruhp 4/ wkh h{suhvvlrq jlyhq e| +61<, lv qrw uhdg| wr |lhog wkh ghfd| dv w
.
 w 1 $ 41
Wkh iroorzlqj sursrvlwlrq jlyhv d jhqhudo ghfd| hvwlpdwh zklfk wkh gulylqj Oìy| surfhvvhv ] lq
Vhfwlrq 7 ehorz lqghhg vdwlvi|1
Sursrvlwlrq 41 Frqvlghu dq RX0w|sh surfhvv [ jlyhq e|
g[+w, @ [+w,gw. g]+w,>
zkhuh wkh EGOS ] lv zlwkrxw Jdxvvldq sduw +wkdw lv/ g @ 3 lq +61;,,/ dqg wkh Oìy| phdvxuh
+g{, ri ] kdv wkh ghqvlw| j+{, iru zklfk wkhuh h{lvwv vrph  A 3 vr wkdw j+{,  frqvw h NAv p qrp
iru doo m{m A 41 Wkhq wkhuh h{lvw srvlwlyh frqvwdqwv f> F vxfk wkdw
H^h k ) 6 + h k )"5d+ `  Fh N h 6
iru doo w A 31
Uhpdun 61 Wkh frqvwdqw f lv jlyhq e| +m{m A 4,1 Li wkh uhjlrq iru wkh erxqghgqhvv dvvxpswlrq
rq j+{, lv m{m A d> d A 4> wkhq f lv ghwhuplqhg e| +m{m A d,1
Wkh surriv ri Wkhruhp 5 dqg Sursrvlwlrq 4 zloo eh jlyhq lq Vhfwlrq 81
Yhu| riwhq wkh fruuhodwlrq vwuxfwxuh irxqg lq dssolfdwlrqv lv pruh frpsoh{ wkdq wkh h{srqhq0
wldo ghfuhdvlqj dxwrfruuhodwlrq ri wkh irup +618,1 Eduqgru0Qlhovhq +4<<;,/ Eduqgru0Qlhvhq
dqg Vkhssdug 5334/ Eduqgru0Qlhvohq dqg Ohrqhqnr +5338, sursrvhg wr frqvlghu wkh iroorzlqj
fodvv ri dxwrfryduldqfh ixqfwlrqv=
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zklfk lv  h{leoh dqg fdq eh wwhg wr pdq| dxwrfryduldqfh ixqfwlrqv dulvlqj lq dssolfdwlrqv1
Lq rughu wr rewdlq prghov zlwk ghshqghqfh vwuxfwxuh +6144, dqg jlyhq pdujlqdo ghqvlw| zlwk
qlwh yduldqfh/ zh frqvlghu vwrfkdvwlf surfhvvhv ghqhg e|
g[G +w, @ G [G +w,gw. g]G +G w, > m @ 4> 5> ===>p>
dqg wkhlu vxshusrvlwlrq
+6145, [ wyxjz +w, @ [ 1 +w, . ===.[ m +w,> w  3>
zkhuh ]G > m @ 4> 5> ===>p> duh pxwxdoo| lqghshqghqw Oìy| surfhvvhv1 Wkhq wkh vroxwlrq [G @i[G +w,> w  3j > m @ 4> 5> ===>p> lv d vwdwlrqdu| surfhvv1 Lwv fruuhodwlrq ixqfwlrq lv ri wkh h{sr0
qhqwldo irup +dvvxplqj qlwh yduldqfh,1
Wkh vxshusrvlwlrq +6145, kdv lwv pdujlqdo ghqvlw| jlyhq e| wkdw ri wkh udqgrp yduldeoh
+6146, [ wyxjz +3, @ [ 1 +3, . ===.[ m +3,>
dxwrfryduldqfh ixqfwlrq +6144, +zkhuh  .
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Zh duh lqwhuhvwhg lq wkh fdvh zkhq wkh glvwulexwlrq ri +6146, lv wudfwdeoh/ iru lqvwdqfh zkhq
[ wyxjz +3, ehorqjv wr wkh vdph fodvv dv [G +3,> m @ 4> ===>p +vhh wkh h{dpsoh lq Vhfwlrq 7 ehorz,1
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Qrwh wkdw dq lqqlwh vxshusrvlwlrq +p$4, jlyhv d frpsohwh prqrwrqh fodvv ri fryduldqfh
ixqfwlrqv
U wyxjz +w, @
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iru vrph qlwh phdvxuh X> zklfk glvsod| orqj0udqjh ghshqghqfh +vhh Eduqgru0Qlhovhq 4<<;/
5334/ Eduqgru0Qlhovhq dqg Ohrqhqnr 5338 iru srvvleoh fryduldqfh vwuxfwxuhv dqg vshfwudo ghq0
vlwlhv,1
71 Pxowliudfwdo dqdo|vlv ri jhrphwulf RX w|sh surfhvvhv
Wklv vhfwlrq lqwurgxfhv yh looxvwudwlyh pxowliudfwdo vfhqdulrv1 Lq wklv vhfwlrq/ wkh prwkhu
surfhvv zloo wdnh wkh irup
+714, +w, @ h{s i[ +w, f k j >
zkhuh [ +w, lv d vwdwlrqdu| RX w|sh surfhvv +617, dqg f k lv d frqvwdqw ghshqglqj rq wkh
sdudphwhuv ri lwv pdujlqdo glvwulexwlrq1 Wklv irup lv qhhghg iru wkh frqglwlrq H+w, @ 4 wr
krog1 Dffruglqjo|/ wkh Uìq|l ixqfwlrq lv ghqhg lq wklv vhfwlrq dv
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Doo wkh ghqlwlrqv jlyhq lq +514, 0 +516, dqg fruuhvsrqglqjo| doo wkh vwdwhphqwv ri Wkhruhp 4
duh qrz xqghuvwrrg wr eh lq whupv ri wkh prwkhu surfhvv +714,1
7141 Orj0jdppd vfhqdulr1 Wkh orj0jdppd glvwulexwlrq lv zhoo0nqrzq lq wkh wkhru| ri wxuex0
ohqfh dqg pxowlsolfdwlyh fdvfdghv +Vdlwr 4<<5,1 Lq wklv vhfwlrq/ zh sursrvh d vwdwlrqdu| yhuvlrq
ri wkh orj0jdppd vfhqdulr1 Zh zloo xvh d vwdwlrqdu| RX w|sh surfhvv +617, zlwk pdujlqdo jdppd
glvwulexwlrq +>,/ zklfk lv vhoi0ghfrpsrvdeoh/ dqg khqfh lqqlwho| glylvleoh1 Wkh suredelolw|
ghqvlw| ixqfwlrq +sgi, ri [+w,> w 5 U ( > lv jlyhq e|
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Wkxv/ wkh fruuhodwlrq ixqfwlrq ri wkh prwkhu surfhvv wdnhv wkh irup
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Uhpdun 71 Iru t 5 T _ ^4> 5`/ wkh frqglwlrq D +4, 5 O
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uhvxowv krog dw ohdvw iru wklv udqjh1 Krzhyhu/ iru t rxwvlgh wklv udqjh/ wkh frqglwlrq lv sduwo|
uhtxluhg iru wkh ydolglw| ri pxowliudfwdo prphqw vfdolqj1 Wklv Uhpdun dovr dssolhv wr doo rwkhu
vfhqdulrv lq wklv vhfwlrq1
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iru wkh frqwlqxrxv fdvh/ dqg Elfkwhohu 5335/ s1 546 iru wkh jhqhudo fdvh zlwk mxpsv, dqg wkh
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zklfk lv erxqghg lq w1 Wkhuhiruh/ iru hdfk jlyhq w A 3/
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Uhihuhqfhv
^4` Y1 Y1 Dqk/ N10V1 Odx dqg ]10J1 \x/ Pxowliudfwdo fkdudfwhul}dwlrq ri frpsohwh jhqrphv/ Mrxuqdo ri Sk|vlfv
D= Pdwkhpdwlfdo dqg Jhqhudo 67+5334,/ :45::46<1
^5` G1 Dssohedxp/ Oìy| Surfhvvhv dqg Vwrfkdvwlf Fdofxoxv/ Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh/ 53371
^6` H1 Edfu| dqg M1I1 Px}|/ Orj0lqqlwho| glylvleoh pxowliudfwdo surfhvvhv/ Frpp1 Pdwk1 Sk|v1 569 +5336,/
77<7:81
^7` R1 H1 Eduqgru0Qlhovhq/ Surfhvvhv ri qrupdo lqyhuvh Jdxvvldq w|sh/ Ilqdqfh dqg Vwrfkdvwlfv 5+4<<;,/ 749;1
^8` R1 H1 Eduqgru0Qlhovhq/ Vxshusrvlwlrqv ri Ruqvwhlq0Xkohqehfn w|sh surfhvvhv/ Wkhru| Surede1 Dssolf1
78+5334,/ 4:84<71
^9` R1H1 Eduqgru0Qlhovhq dqg Q1Q1 Ohrqhqnr/ Vshfwudo surshuwlhv ri vxshusrvlwlrqv ri Ruqvwhlq0Xkohqehfn w|sh
surfhvvhv/ Phwkrgro1 Frpsxw1 Dsso1 Surede1 : +5338,/ 6686851
^:` R1H1 Eduqgru0Qlhovhq dqg D1H1 Nrxgrx/ Wuhhv zlwk udqgrp frqgxfwlylwlhv dqg wkh +uhflsurfdo, lqyhuvh
Jdxvvldq glvwulexwlrq/ Dgy1 Dsso1 Surede1 63 +4<<;,/ 73<7571
^;` R1 H1 Eduqgru0Qlhovhq dqg Q1 Vkhskdug/ Qrq0Jdxvvldq Ruqvwhlq0Xkohqehfn0edvhg prghov dqg vrph ri
wkhlu xvhv lq qdqfldo hfrqrplfv/ sduw 5/ M1 U1 Vwdw1 Vrf1 E 96+5334,/ 49:5741
^<` R1H1 Eduqgru0Qlhovhq dqg Q1 Vkhskdug/ Qrupdo prglhg vwdeoh surfhvvhv/ Wkhru| Surede1 Pdwk1 Vwdwlvw1
98 +5335,/ 4531
^43` R1H1 Eduqgru0Qlhovhq dqg Q1 Vkhskdug/ Lqwhjudwhg RX surfhvvhv dqg qrq0Jdxvvldq RX0edvhg vwrfkdvwlf
yrodwlolw| prghov/ Vfdqg1 M1 Vwdwlvw1 63 +5336,/ 5::5<81
^44` R1H1 Eduqgrui0Qlovhq dqg \x1 Vkpljho/ Vsdwlr0whpsrudo prgholqj edvhg rq Oìy| surfhvvhv/ dqg lwv dssolfd0
wlrqv wr wxuexohqfh/ +Uxvvldq, Xvshnkl Pdw1 Qdxn 8< +5337,/ 96<3> wudqvodwlrq lq Uxvvldq Pdwk1 Vxuyh|v
8< +5337,/ 98<31
^45` R1H1 Eduqgrui0Qlovhq/ M1 Nhqw dqg P1 Vruhqvrq/ Qrupdo yduldqfh0phdq pl{wxuhv dqg } glvwulexwlrqv/ Lqwhu0
qdwlrqdo Vwdwwlvwlfdo Uhylhz 83 +4<;5,/ 478048<1
^46` M1 Eduudo dqg E1 Pdqghoeurw/ Pxowlsolfdwlyh surgxfwv ri f|olqgulfdo sxovhv/ Sure1 Wk1 Uho1 Ilhogv 457+5335,/
73<7631
^47` N1 Elfkwhohu/ Vwrfkdvwlf Lqwhjudwlrq zlwk Mxpsv/ Hqf|forshgld lq Pdwkhpdwlfv dqg lwv Dssolfdwlrqv ;</
Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh/ 53351
^48` M1 Ehuwrlq/ Oìy| Surfhvvhv/ Fdpeulgjh Xqlyhuvlw| Suhvv/ 4<<91
^49` S1 Fduu/ K1 Jhpdq/ G1 Pdgdq dqg P1 \ru/ Vhoi0ghfrpsrvdelolw| dqg rswlrq sulflqj/ Pdwk1 Ilqdqfh 4:
+533:,/ 648:1
^4:` N1 Idofrqhu/ Whfkqltxhv lq Iudfwdo Jhrphwu|/ Zloh|/ 4<<:1
^4;` U1 Ilqod| dqg H1 Vhqhwd/ Vwdwlrqdu|0lqfuhphqw Vwxghqw dqg yduldqfh0jdppd surfhvvhv1 M1 Dsso1 Surede1
76 +5339,/ 774786 +dovr U1 Ilqod| dqg H1 Vhqhwd/ Fruuhfwlrq= Vwdwlrqdu|0lqfuhphqw Vwxghqw dqg yduldqfh0
jdppd surfhvvhv/ M1 Dsso1 Surede1 76 +5339,/ 774786,1
^4<` X1 Iulvfk/ Wxuexohqfh/ Fdpeulgjh Xqlyhuvlw| Suhvv/ 4<<81
^53` X1 Iulvfk dqg J1 Sdulvl/ Rq wkh vlqjxodulw| vwuxfwxuh ri ixoo| ghyhorshg wxuexohqfh/ Lqwhuqdwlrqdo Vfkrro ri
Sk|vlfv Hqulfr Ihupl Frxuvh ;;/ Qruwk Kroodqg/ 4<;8/ ;70;;1
^54` E1 Juljholrqlv/ Surfhvvhv ri Phl{qhu w|sh/ Olhwxurv Pdwhpdwlnrv Ulqnlq|v 6<+4<<<,/ 73841
^55` E1 Juljholrqlv/ Jhqhudol}hg }0glvwulexwlrqv dqg uhodwhg vwrfkdvwlf surfhvvhv/ Olhw1 Pdw1 Ulqn1 74+5334,/ 6360
64<1
^56` E1 Juljholrqlv/ Jhqhudol}hg }0glvwulexwlrqv dqg uhodwhg vwrfkdvwlf surfhvvhv/ Olhw1 Pdw1 Ulqn1 76+5336,/ 5<8
6381
^57` Y1 N1 Jxswd dqg H1 F1 Zd|pluh/ D vwdwlvwlfdo dqdo|vlv ri phvrvfdoh udlqidoo dv d udqgrp fdvfdgh/ Mrxuqdo
ri Dssolhg Phwhrurorj| 65+4<<6,/ 58459:1
^58` W1 Kdovh|/ P1 Mhqvhq/ O1 Ndgdqr/ L1 Surfdffld dqg E1 Vkudlpdq/ Iudfwdo phdvxuhv dqg wkhlu vlqjxodulwlhv=
Wkh fkdudfwhul}dwlrq ri vwudqjh vhwv/ Sk|v1 Uhy1 D 66+4<;9,/ 4474044841
^59` K1 Khqwvfkho dqg L1 Surfdffld/ Wkh lqqlwh qxpehu ri jhqhudol}hg glphqvlrqv ri iudfwdov dqg vwudqjh dwwudf0
wruv/ Sk|vlfd ;3+4<;6,/ 76807771
^5:` G1 Kduwh/ Pxowliudfwdov= Wkhru| dqg Dssolfdwlrqv/ Fkdspdq ) Kdoo/ 53341
^5;` V1 Mddug/ Wkh pxowliudfwdo qdwxuh ri Oìy| surfhvvhv/ Surede1 Wkhru| Uhodw1 Ilhogv 447+4<<<,/ 53:55:1
^5<` M10S1 Ndkdqh/ Vxu od fkdrv pxowlsolfdwli/ Dqq1 Vf1 Pdwk1 Txìehf <+4<;8,/ 4384831
^63` M10S1 Ndkdqh/ Srvlwlyh pduwlqjdoh dqg udqgrp phdvxuhv/ Fklqhvh Dqqdov ri Pdwkhpdwlfv ;E+4<;:,/ 4451
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^64` D1 Q1 Nroprjrury/ Orfdo vwuxfwxuh ri wxuexohqfh lq  xlg iru yhu| odujh Uh|qrogv qxpehuv/ Grnodg| Dfdg1 ri
Vflhqfhv ri XVVU 64+4<74,/ 86;8731
^65` D1 Q1 Nroprjrury/ Rq uhqhphqw ri suhylrxv k|srwkhvhv frqfhuqlqj wkh orfdo vwuxfwxuh lq ylvfrxv lqfrp0
suhvvleoh  xlg dw kljk Uh|qrogv qxpehu/ M1 Ioxlg Phfk1 46+4<95,/ ;5;81
^66` D1 H1 N|suldqrx/ Lqwurgxfwru| Ohfwxuhv rq Ioxfwxdwlrqv ri Oìy| Surfhvvhv zlwk Dssolfdwlrqv/ Xqlyhuvlwh{w/
Vsulqjhu0Yhuodj/ Ehuolq/ 53391
^67` N1V1 Odx/ Lwhudwhg ixqfwlrq v|vwhpv zlwk ryhuodsv dqg pxowliudfwdo vwuxfwxuh/ lq Q1 Nrqr dqg Q0U1 Vklhk
+Hgv1,/ Wuhqgv lq Suredelolw| dqg Uhodwhg Dqdo|vlv/ Zruog Vflhqwlf/ 4<<<1
^68` G1 Pdgdq/ S1 Fduu dqg H1 Fkdqj/ Wkh yduldqfh jdppd surfhvv dqg rswlrq sulflqj/ Hxu1 Ilqdqfh Uhy1
5+4<<;,/ :<04381
^69` E1 Pdqghoeurw/ Iudfwdov dqg Vfdolqj lq Ilqdqfh/ Vsulqjhu/ Qhz \run/ 4<<:1
^6:` S1 Pdqqhuvdor/ L1 Qruurv dqg U1 Ulhgl/ Pxowliudfwdo surgxfwv ri vwrfkdvwlf surfhvvhv= frqvwuxfwlrq dqg vrph
edvlf surshuwlhv/ Dgy1 Dsso1 Sure1 67+5335,/ ;;;<361
^6;` P1 Profkdq/ Vfdolqj h{srqhqwv dqg pxowliudfwdo glphqvlrqv iru lqghshqghqw udqgrp fdvfdghv/ Frpp1 Pdwk1
Sk|vlfv 4:<+4<<9,/ 9;4:351
^6<` S1 Pùuwhuv dqg Q10U1 Vklhk/ Wklq dqg wklfn srlqwv iru eudqfklqj phdvxuh rq d Jdowrq0Zdwvrq wuhh/ Vwdwlvw1
Sure1 Ohwwhuv 8;+5335,/ 460551
^73` S1 Pùuwhuv dqg Q10U1 Vklhk/ Rq pxowliudfwdo vshfwuxp ri wkh eudqfklqj phdvxuh rq d Jdowrq0Zdwvrq wuhh/
M1 Dsso1 Sure1 74+5337,/ 45560455<1
^74` S1 Pùuwhuv dqg Q10U1 Vklhk/ Pxowliudfwdo dqdo|vlv ri eudqfklqj phdvxuh rq d Jdowrq0Zdwvrq wuhh/ Surfhhglqjv
ri wkh 6ug Lqwhuqdwlrqdo Frqjuhvv ri Fklqhvh Pdwkhpdwlfldqv/ ss1 9880995/ N1V Odx/ ]1S1 [lq dqg V1W1 \dx
+Hgv1,/ DPV2LS Vwxglhv lq Dgydqfhg Pdwkhpdwlfv 75/ 533;1
^75` P1 Prudohv dqg Z1 Vfkrxwhqv/ D ulvn prgho gulyhq e| Oìy| surfhvvhv/ Dsso1 Vwrfk1 Prghov Exv1 Lqg1 4<
+5336,/ 47:49:1
^76` H1 D1 Qrylnry/ Lqqlwho| glylvleoh glvwulexwlrqv lq wxuexohqfh/ Sk|vlfdo Uhylhz H 83+4<<7,/ U66360U66381
^77` U1O1 Suhqwlfh/ Glvfulplqdwlrq dprqj vrph sdudphwulf prghov/ Elrphwulnd 95+4<:8,/ 93:09471
^78` U1 Ulhgl/ Pxowliudfwdo surfhvvhv/ Lq S1 Grxnkdq/ J1 Rsshqkhlp dqg P1 Wdttx/ hglwruv/ Wkhru| dqg Dssol0
fdwlrqv ri Orqj0Udqjh Ghshqghqfh/ ss1 958:49/ Elunkçxvhu/ Ervwrq/ 53361
^79` G1 Uhyx} dqg P1 \ru/ Frqwlqxrxv Pduwlqjdohv dqg Eurzqldq Prwlrq/ Juxqgohkuhq ghu Pdwkhpdwlvfkhq
Zlvvhqvfkdiwhq ^Ixqgdphqwdo Sulqflsohv ri Pdwkhpdwlfdo Vflhqfhv`/ 5<6/ Vsulqjhu0Yhuodj/ 4<<41
^7:` \1 Vdlwr/ Orj0jdppd glvwulexwlrq prgho ri lqwhuplwwhqf| lq wxuexohqfh/ M1 Sk|v1 Vrf1 Mdsdq 94+4<<5,/ 736
7391
^7;` N1 Vdwr/ Oìy| Surfhvvhv dqg Lqqlwho| Glylvleoh Glvwulexwlrqv/ Fdpeulgjh Xqlyhuvlw| Suhvv/ 4<<<1
^7<` I1J1 Vfkplww/ D fdxvdo pxowliudfwdo vwrfkdvwlf htxdwlrq dqg lwv vwdwlvwlfdo surshuwlhv/ Hxurshdq Sk|vlfdo
Mrxuqdo E 67+5336,/ ;80<;1
^83` I1J1 Vfkplww dqg G1 Pduvdq/ Vwrfkdvwlf htxdwlrq jhqhudwlqj frqwlqxrxv pxowlsolfdwlyh fdvfdghv/ Hxu1 M1
Sk|v1 E 53+5334,/ 6091
^84` Q10U1 Vklhk dqg V1 M1 Wd|oru/ Pxowliudfwdo vshfwud ri eudqfklqj phdvxuh rq d Jdowrq0Zdwvrq wuhh/ M1 Dsso1
Sure1 6<+5335,/ 43304441
^85` Z1 Vfkrxwhqv dqg M1O1 Whxjhov/ Oìy| surfhvvhv/ sro|qrpldov dqg pduwlqjdohv1 Vshfldo Lvvxh lq krqru ri
Pdufho I1 Qhxwv/ Frpp1 Vwdwlvw1 Vwrfkdvwlf Prghov 47+4<<;,/ 66867<1
^86` D1Y1 Vnrurnkrg/ Udqgrp Surfhvvhv zlwk Lqghshqghqw Lqfuhphqwv/ Noxzhu/ Gruguhfkw/ 4<<41
^87` V1M1 Wd|oru/ Vxshu Eurzqldq prwlrq lv d iudfwdo phdvxuh iru zklfk wkh pxowliudfwdo irupdolvp lv lqydolg/
Iudfwdov 6+4<<8,/ :6:0:791
+Y1Y1 Dqk, Vfkrro ri Pdwkhpdwlfdo Vflhqfhv/ Txhhqvodqg Xqlyhuvlw| ri Whfkqrorj|/ JSR Er{
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